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Recently we have demonstrated that the applicability of the Tkatchenko-Scheffler (TS) method for calculating dispersion corrections to density-functional theory can be extended to ionic systems if the Hirshfeld method for estimating effective volumes and charges of atoms in molecules or solids (AIM's) is replaced by its iterative variant [T. Bučko, S. Lebègue, J. Hafner, and J. Ángyán, J. Chem. Theory Comput. 9, 4293 (2013)]. The standard Hirshfeld method uses neutral atoms as a reference, whereas in the iterative Hirshfeld (HI) scheme the fractionally charged atomic reference states are determined self-consistently. We show that the HI method predicts more realistic AIM charges and that the TS/HI approach leads to polarizabilities and C 6 dispersion coefficients in ionic or partially ionic systems which are, as expected, larger for anions than for cations (in contrast to the conventional TS method). For crystalline materials, the new algorithm predicts polarizabilities per unit cell in better agreement with the values derived from the Clausius-Mosotti equation. The applicability of the TS/HI method has been tested for a wide variety of molecular and solid-state systems. It is demonstrated that for systems dominated by covalent interactions and/or dispersion forces the TS/HI method leads to the same results as the conventional TS approach. The difference between the TS/HI and TS approaches increases with increasing ionicity. A detailed comparison is presented for isoelectronic series of octet compounds, layered crystals, complex intermetallic compounds, and hydrides, and for crystals built of molecules or containing molecular anions. It is demonstrated that only the TS/HI method leads to accurate results for systems where both electrostatic and dispersion interactions are important, as illustrated for Li-intercalated graphite and for molecular adsorption on the surfaces in ionic solids and in the cavities of zeolites. © 2014 AIP Publishing LLC.
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I. INTRODUCTION
The necessity to develop efficient and accurate methods to correct total energies of molecules and solids calculated using density functional theory (DFT) for the effects of van der Waals (vdW) interactions has stimulated attempts at different levels of theory, ranging from additive dispersion corrections based on empirical pair-potentials [1] [2] [3] [4] through approximate non-local vdW functionals [5] [6] [7] [8] to quantum many-body calculations. [9] [10] [11] [12] [13] The method proposed by Tkatchenko and Scheffler 14, 15 (TS) based on the atoms-in-molecules (AIM) approach represents an attempt to combine the computational simplicity of a pair potential approach with a calculation of the dispersion coefficients accounting for the influence of the chemical environment. Specifically, the atomic polarizabilia) Electronic mail: bucko@fns.uniba.sk b) Electronic mail: sebastien.lebegue@univ-lorraine.fr c) Electronic mail: janos.angyan@univ-lorraine.fr d) Electronic mail: juergen.hafner@univie.ac.at ties used to calculate the dispersion coefficients are scaled according to the ratio of the volumes occupied by the atoms in the molecule or solid and in the free atom. The effective volumes are determined using the Hirshfeld partitioning scheme. 16 The TS method has been demonstrated to lead to accurate results for many molecular and solid systems. 14, [17] [18] [19] It can be extended to account for the effect of self-consistent screening 19, 20 (TS+SCS) and for many-body dipole-dipole interactions 20, 21 (TS-MBD). Although these new variants of the TS method lead to significant improvements, mainly for the energetics of large molecules and extended systems, 21 there are still certain classes of materials where the accuracy of the TS method is severely limited. For metals the AIM approach is inconsistent with the strongly delocalized character of valence electrons. The other problematic class of materials is ionic systems where the Hirshfeld partitioning scheme 16 used to define AIMs within the TS method predicts unexpectedly small AIM charges and, consequently, the predicted polarizabilities (α) and dispersion interaction coefficients (C 6 ) for cations are typically much larger than those for anions. This is not only in striking contrast to chemical intuition, but it also contradicts the results of high-level quantum mechanical calculations. 22, 23 We have shown in our previous study (hereafter referred to as Paper I) 24 that this leads to a strong overestimation of the cohesive energy, a severe underestimation of the lattice parameters, and to too large bulk moduli for ionic materials. As a solution to this problem we suggested a new variant of the TS method in which the conventional Hirshfeld partitioning is replaced by its iterative variant (Hirshfeld-I or HI) 25 which leads to more realistic AIM charges in better agreement with the nominal valences of cations and anions. The initial results of the TS/HI method were promising: the predictions of lattice parameters, bulk moduli, and cohesive energies for alkali-metal halides were systematically improved, while the results for molecular complexes (the S22 benchmark set 26 ) and molecular crystals (from the C21 set 27 ) were essentially equivalent to those with the original TS method. 24 Another important result was the improvement achieved for the interaction energies for small molecules with ionic surfaces. In this respect it must be emphasized that the TS/HI method does not lead only to an improvement of the numerical values of the interaction energies, but that only the improved AIM charges and polarizabilities of the Hirshfeld-I partitioning lead to a physically correct picture. For example, for the interaction of rare gas atoms or closed-shell molecules with the inner wall of zeolites formed by SiO 4 units, the strong overestimation of the polarizability of silicon resulting from the usual Hirshfeld partitioning is at least partially compensated by a concomitant underestimation of that of the oxygen atoms; in the case of iterative variant of the method one does not need such error compensation to get the right answer.
In the present work we discuss the fundamentals of the TS/HI method in more detail and we confront the calculated polarizabilities of molecules and solids with experiment (see Sec. II). The TS/HI method is further validated by calculations of the interaction energies for molecular complexes of the S22, 26 the X40, 28 and the L7 29 test sets (Sec. IV C). Tests for solids are extended to a series of (8-N) octet compounds (Sec. V A), to complex intermetallic compounds (Sec. V B), to layered crystals, like graphite, hexagonal boron nitride, transition-metal disulfides, vanadium pentoxide (Sec. V C), to hydrides, namely, LiH and alkali-metal borohydrides (Sec. V D) and to crystals built of molecules (arenes), molecular anions (alkali-metal azides), or organic polymers like cellulose (Sec. V E). The influence of dispersion corrections on the properties of systems with mixed bonding has been examined via the example of the intercalation of lithium in graphite (Sec. V C 4) and of the adsorption of small molecules on ionic surfaces and in the cavities of Cs-exchanged chabazite (Sec. VI). We conclude with a critical examination of the merits of the TS/HI approach (Sec. VII).
II. METHODOLOGY

A. Brief review of the Tkatchenko-Scheffler method
Dispersion forces arise from interactions between spatially separated fluctuating dipoles, they can be modelled by adding contributions described by pair potentials to the DFT total energy,
For a solid under periodic boundary conditions, the dispersion correction is given by
where the summations are over all atoms N and all translations of the unit cell L = (l 1 , l 2 , l 3 ), the prime indicates that A = B for L = 0. f damp is a damping function which assures that the C 6 /R 6 term contributes to E disp only for distances that are longer than typical bonding distances (this region is well described by standard DFT functionals). Tkatchenko and Scheffler (TS) 14 proposed to calculate the C 6 parameters on-the-fly, on the basis of an analysis of the electron density which reflects the nature of the chemical bonding in the molecule or solid. Making use of the "atoms-inmolecule" (AIM) concept, static polarizabilities α 
The free-atom polarizabilities have been obtained using TD-DFT calculations by Tkatchenko and Scheffler.
14 The scaling factor
is given by the ratio between the effective volume occupied by the atom in the molecular or solid environment (V eff ) and that of free non-interacting reference system (V free ) is computed using the Hirshfeld partitioning scheme discussed in detail below.
The combination rule determining the strength of the dispersion interaction between different atoms is given by
A Fermi-type damping function restricts the dispersion interactions to distances where the atoms do not substantially overlap:
The damping parameter is fixed at d = 20 while the scaling coefficient s R depends on the exchange-correlation functional used for calculating the DFT total energy. This is the only adjustable parameter in the TS method. According to Ref. 15 , the optimal value of s R for the Perdew-BurkeErnzerhof (PBE) functional 30 used in the present study is s R 
which are computed by rescaling the free-atom vdW radii R free according to
The values of R free A are well defined for the rare-gas atoms which interact only via dispersion forces. Hence R free is given by one half of the distance between the atoms in a relaxed dimer. Tkatchenko and Scheffler 14 proposed to define R free for any other element as the radius for which the electron density of the free atom is equal to the density at the center of a dimer of rare gas atoms from the same row of the periodic table of elements.
B. Iterative Hirshfeld partitioning
The Hirshfeld partitioning, 16 in contrast to other realizations of the AIM concept, e.g., by Bader, 31 which use sharp dividing surfaces between atoms, is based on a fuzzy definition of the boundary between atoms. In the Hirshfeld partitioning, the electron density is distributed among all atoms with a weighting function w A (r) defined for each point in the space as
where n 0 A (r) is the electron density in the isolated atom A, and the promolecular density n 0 mol (r) is defined as the superposition of the electron densities of the free atoms, positioned as in the real molecule. If the electron density for an interacting system is n(r), the AIM electron densities are given by
As shown by Parr et al., 32 the Hirshfeld partitioning scheme can be derived from information theory by minimizing the Kullback-Liebler entropy deficiency functional:
subject to the constraint that
Hence the Hirshfeld partitioning can be interpreted as a search for atoms-in-molecules that are as similar to the reference non-interacting free atoms as possible. The partitioning scheme is therefore very sensitive to the choice of the reference system. In practice, neutral non-interacting atoms are used most frequently and the AIM charges tend to be close to zero even for strongly ionic compounds. 24, 25 This choice is, however, not unique. Instead, the promolecular density may be defined as the superposition of the densities of noninteracting cations and anions. Bultinck et al. 25 have shown that for a LiF dimer, for instance, a promolecule built by neutral Li and F atoms leads to AIM charges of ±0.57, whereas a promolecule consisting of Li + and F − ions leads to AIM charges of ±0.98, much closer to chemical intuition.
The dependence of the AIM populations on the choice of the reference state (the promolecule) creates an undesirable arbitrariness in the weighting factors for the AIM densities. This problem is eliminated in the iterative Hirshfeld-I partitioning scheme proposed by Bultinck et al., 25 where both AIM and reference charge densities are determined in a single iterative procedure. The algorithm is initialized with an arbitrarily chosen promolecular density normalized to the same number of electrons as n(r). The iterative procedure then runs in the following steps: (i) the Hirshfeld weight function for the step i is computed as
where the sum extends over all atoms in the system, (ii) the number of electrons per atom is determined using
and (iii) new reference charge densities are computed using
where lint(x) expresses the integer part of x and uint(x) = lint(x) + 1. Steps (i)-(iii) are iterated until the difference of the electronic populations in two subsequent steps
A | is less than a predefined threshold for all atoms. For a more detailed description of the Hirshfeld-I algorithm we refer to Ref. 25 . The Hirshfeld-I charges are usually much larger than the conventional Hirshfeld charges and correlate well with atomic charges derived from the electrostatic potential. Most importantly the scheme provides a unique and universal definition of the AIM.
C. Stabilization of anions
The iterative Hirshfeld partitioning requires the knowledge of the charge distributions of non-interacting anions. Free anions are often unstable, and must be stabilized by surrounding them with Watson spheres 33 with a radius R W and a compensating charge q comp distributed over its surface. This is realized by adding a potential
to the Hamiltonian for anions. The value of R W is determined (somewhat arbitrarily) by R W = r 3 1/3 , computed for the neutral atom. The idea is that the charge distributed over the Watson sphere simulates the stabilizing effect of the electrostatic field surrounding the anion in an ionic crystal. A very detailed discussion of the influence of the definition of the charge distributions of anions on the AIM charges has been given by Vanpoucke et al. 34 As shown in Fig. 1 , the AIM charges computed using our implementation with Watson spheres are in very good agreement with the values of Vanpoucke et al. 34 and we refer to their work for all further details.
III. COMPUTATIONAL DETAILS
All calculations presented in this work have been obtained using the periodic DFT code VASP [36] [37] [38] which performs an iterative solution of the Kohn-Sham equations of density-functional theory. The exchange-correlation energy was determined using the PBE functional. 30 The plane-wave cut-offs E cut and the number of k-points used in the calculations presented in this work are summarized in Table I . The electronic energies computed in self-consistent loops were converged to an accuracy of 10 −7 eV. All atomic forces were relaxed until they were smaller than 10 −2 eV/Å. Equilibrium lattice constants, bulk moduli, and ground-state energies have been determined by fitting the Murnaghan equation of state 39 to a set of total energies obtained for different cell volumes.
IV. VALIDATION OF THE CONCEPT
A. Ionic charges
The conventional Hirshfeld partitioning is known to predict ionic charges that are small compared to charges expected on the basis of "chemical intuition." As discussed in Sec. II B, the small AIM charges are a consequence of the fact that the Hirshfeld partitioning scheme generates AIM's that are as similar to the reference neutral atoms as possible. For NaCl in its experimental structure (a = 5.64 Å), for instance, this method yields charges of q = ±0.2 e, far too small 40 ). It is therefore problematic to judge the quality of a partitioning scheme from the predicted AIM charges and their comparison with charges expected on the basis of "chemical intuition" might be misleading. On the other hand, dynamical charges, in particular the Born effective charge, 41 can be expressed via observables in a quantum-mechanical sense. In general, Born effective charge for an atom i (Z * i ) is a tensorial quantity defined as
where stands for volume of primitive cell, e for elementary charge, P is polarization, u i is displacement of atom i, and Greek letters are used to represent Cartesian components of vectorial and tensorial quantities. It follows from symmetry that for cubic crystals, which we will discuss in this section, the non-diagonal components of Z * i,αβ vanish and all diagonal components take the same value denoted here as Z * i . In the special case of an idealized ionic molecule or crystal in which electrons are completely localized around anions and cations and no charge density is shared, the static and dynamical charges are identical. Although this assumption is never completely fulfilled in a real ionic material, one can reasonably expect that the static ionic charges should not be too different from the dynamical ones in this class of materials. As shown in Table II the AIM charges determined using the iterative Hirshfeld partitioning correlate reasonably well with the Born effective charges for a series of simple ionic materials. 
B. Polarizabilities of atoms in crystals
The simple scaling relation of Eq. (3), combined with Hirshfeld partitioning, leads to a surprisingly accurate prediction of the isotropic polarizabilities of small molecules when the effect of long-range self-consistent screening (SCS) is taken into account. As suggested by Tkatchenko et al., 20 the long-range screening of polarizability (which is particularly important in dense matter 19, 42 ) can be taken into account by solving the SCS equation:
where τ A, B is the dipole interaction tensor (see Ref. 19 for details) and α
T S A
is the polarizability obtained using Eq. (3). Tkatchenko et al. 20, 43 used this scheme to compute the isotropic static polarizabilities for the set of 18 small molecules and reported the mean absolute relative error (MARE) of only 9.1% compared to the experiment (see Ref. 43 for details). We performed similar calculations for an extended set of 35 molecules and found that the iterative Hirshfeld partitioning leads to very similar results for the isotropic polarizabilities as the conventional scheme (see Fig. 2 and Table S1 in the supplementary material 44 ). This is not surprising as the AIM charges are relatively small for most of the molecules in our test set.
A more meaningful test is the calculation of the polarizability of strongly ionic materials. For simple crystals with cubic symmetry, the static isotropic polarizability per formula unit α m can be derived from the measured high-frequency dielectric constant using the Clausius-Mossotti equation
where V is volume per formula unit. The polarizabilities computed for 20 ionic and covalent crystals are compared with the known experimental data 45, 47 in Fig. 3 (the corresponding numerical data are listed in Table S2 in the supplementary material 44 ). The correlation between the values computed using the conventional Hirshfeld partitioning via Eq. (3) and the experimental data is rather poor. The analysis of the contribu- 45 and Bosque and Sales. 46 tions of cations and anions to α m shows that the problem is caused mainly by the unrealistically large polarizabilities of cations, which are, in contrast to expectation, even larger than those of the anions. The poor performance of the Hirshfeld scheme for polarizabilities of solids was already reported by Zhang et al. 42 and the long-range electrostatic screening was identified as important factor for polarizability reduction that is observed upon transition from isolated atoms through small clusters to bulk solid. Taking the long-range screening into account via Eq. (18) indeed improves the correlation with the experimental data considerably, but the dominant contribution of the cations to α m remains far too large. As demonstrated in Fig. 3 , the iterative Hirshfeld partitioning scheme combined with the self-consistent screening clearly out-performs the conventional Hirshfeld+SCS algorithm in predicting polarizabilities for solids. We have shown in Sec. IV A that Hirshfeld-I partitioning predicts more realistic AIM charges for ionic materials, and consequently the contribution of cations to α m computed using the Hirshfeld-I scheme is smaller than that of anionsconsistent with quantum-mechanical calculations for isolated ions. For example, for NaCl, calculation with Hirshfeld partitioning predicts a polarizability of α m =144.4 a.u. (larger by a factor of seven than the measured value of α m =22.2 a.u.) and for the anion the predicted α AIM is only 14.5 a.u. Taking into account self-consistent screening leads to substantial reduction of polarizabilities (α AIM is 68.1 a.u. for Na + and 3.1 a.u. for Cl − ), but still, in contrast to expectation, the value for the cation is an order of magnitude larger than that for anion. Employing the Hirshfeld-I scheme we obtained the values of α AIM =10.9 a.u. for Na + and α AIM = 23.7 a.u. for Cl − and long-range screening results only in a very small change in the polarizabilities (10.4 a.u. for Na + and 23.1 a.u. for Cl − ). The changes in the AIM polarizabilities are also reflected in the homo-atomic C 6 coefficients of the dispersion interactions. The C 6 coefficients for cations and anions have been calculated for the NaCl at the experimental lattice structure using the scheme suggested by Tkatchenko et al. 20 
C. Interaction energies for molecular benchmark sets
The benchmarking of approximate vdW correction schemes against accurate high-level quantum-mechanical calculations provides important pieces of information on the quality of the method. In Paper I we have shown that the performance of our TS/HI method for the energetics of the S22 set 26 is comparable to that of the original TS approach: the mean absolute relative error (MARE) compared to CCSD(T)/CBS (coupled cluster singles and doubles with perturbative triplets extrapolated to the complete basis set limit) calculations achieved using TS/HI of 10.6% was only slightly higher than that for the TS method (9.3%), see Table III and Table S3 of the supplementary material. 44 Of course one might argue that performance tests on the S22 set could be biased because this benchmark set has been used to adjust the parameter s R in the damping function (see Eq. (6)) for both the TS (s R = 0.94) and the TS/HI (s R = 0.95) methods. It is therefore of interest to extend the test to other benchmark sets differing in many aspects from the molecular dimers of the S22 set. First we shall discuss results for the X40 set of Rezac et al. 28 containing halogen molecules and halogen-substituted hydrocarbons. The types of intermolecular bonding covered by this set include halogen bonds, halogen-π bonds, and some other interactions that are specific to this type of systems. The other set we wish to discuss is the L7 set of Sedlak et al. 29 which consists of large hydrocarbon complexes. The interaction types covered by this set are basically the same as those in the S22 set, but the significantly larger size of the molecules contained in the L7 set allows us to test the quality of the approximate dispersion interactions over a much longer range. For both test sets quantum-chemical calculations at the CCSD(T)/CBS level of theory are available. 28, 29 The statistics obtained for the X40 set is summarized in Table IV and the energies for all 40 systems are available in Table S4 of the supplementary material. 44 Both correction methods lead to a substantial improvement for almost all interaction types over the results achieved with DFT calculations using the PBE functional. The only exception is hydrogen bonded complexes for which the performance of dispersion-corrected methods and PBE is about the same. The improvement is most notable for stacking interactions where the MAE decreases from 244 meV (PBE) to 25 meV (TS) and 15 meV (TS/HI), and for halogen-π -bonded complexes where the MAE is reduced from 102 meV (PBE) to 17 meV (TS) and 24 meV (TS/HI). The overall performance of the TS and TS/HI is the same (MAE = 16 meV) and comparable with some of the well performing wave-function methods tested in Ref. 28 such as SCS-MP2/CBS (MAE = 15 meV). We also note that a variation of the adjustable parameter s R does not lead to an improved statistics for the X40 set, the values determined using the S22 set seem to be well transferable. The L7 set of Sedlak et al. 29 consists of the following large hydrocarbon complexes: coronene dimer (C2C2PD), circumcoronene-adenine (C3A), circumcoronene-GC base pair (C3GC), GCGC base pair stack (GCGC), guanine trimer (GGG), phenylalanine residues trimer (PHE), and octadecane dimer (CBH). As our calculations have been performed under periodic boundary conditions, very large super-cells had to be chosen in order to avoid undesired interactions between periodically repeated images. The interaction energies from PBE, TS, and TS/HI calculations are summarized in Table V . For most systems PBE calculations fail qualitatively and quantitatively, in many cases even no binding between monomers is predicted. Both vdW correction methods improve the predicted interaction energies significantly, the error with respect to the high-level reference value is within 1.5 kcal/mol in most cases. The only exception is the octadecane dimer where both the TS and TS/HI methods overestimate the interaction energy significantly. On average, the TS/HI approach performs slightly better, with an error in average energy of only 0.9 kcal/mol. Preliminary results suggest that in order to achieve further improvement of interaction energies for large molecules, a method going beyond simple pairwise potentials 20, 21 has to be used.
V. APPLICATIONS TO SOLIDS A. Isoelectronic A N B 8 − N series of crystals
In Paper I we have compared the performance of the TS and TS/HI methods for the cohesive properties of a series of alkali halides and of MgO. For these strongly ionic systems the iterative Hirshfeld partitioning predicts AIM charges in excellent agreement with the nominal valences of the elements and this is reflected in the accurate prediction of lattice constants, cohesive energies, and bulk moduli. In order to explore the qualitative difference between the TS correction schemes employing the Hirshfeld and Hirshfeld-I partitioning algorithms, it is instructive to analyze the energetics for the isoelectronic series of A N B 8 − N octet compounds. For this purpose we have selected the compounds formed by the third-and second-row elements from Si to NaCl and from C to LiF. The ionicity of these materials can be character- 50 on the basis of the dispersion theory of octet compounds. The ionicity measure f i is complementary to the covalency indicator f c , both are normalized such that f
Within the series that we discuss here, the ionicity increases in the order: 50 Si < AlP < MgS < NaCl and C < BN < BeO < LiF.
Silicon crystallizes in the diamond structure, the ionicity indicator f i is zero, 50 the bonding can be classified as purely covalent. Both the Hirshfeld and Hirshfeld-I AIM charges are zero, therefore the TS and TS/HI methods lead to the same predictions (see Table VI ): the computed lattice parameter is reduced by 0.02 Å compared to the PBE results and in better agreement with experiment while the cohesive energy is somewhat overestimated by 0.22 eV/atom. We note that the small differences between the TS and TS/HI results can be attributed to the slightly different value of the damping function parameter: s R = 0.94 (TS) vs. s R = 0.95 (TS/HI).
The next compound in the series is AlP with f i = 0.307 indicating that the bonding is still predominantly covalent. 50 The formal AIM charges expected on the basis of the octet rule are ±3. The standard Hirshfeld method predicts very low AIM charges of ±0.19, while the iterative method yields much larger value of ±1.99 (but still lower than the formal valence, in line with the covalent character of the bonding in AlP). The Born effective charges measured for this compound are similar to the values predicted by the Hirshfeld-I algorithm (see Table VI ). The TS and TS/HI lattice parameters and cohesive energies differ slightly, the latter method being closer to the experiment. The TS/HI corrections
The ionicity indicator for MgS is 0.786, i.e., the contributions of covalent and ionic interactions to the bonding are about the same. The AIM charges derived from the iterative approach are ±2.05, in good agreement with the formal valence of ±2 according to the octet rule and with a Born effective charge of 2.3, whereas the standard Hirshfeld method yields AIM charges of only ±0.25. Both the TS and the TS/HI methods correct the overestimation of the lattice parameters of PBE (see Table VI ), but TS/HI leads to a cohesive energy that is in better agreement with experiment.
The compound with the highest ionicity within the series is NaCl (f i = 0.935). As we already discussed in Sec. IV A, the standard Hirshfeld partitioning predicts a surprisingly low AIM charge of ±0.20 while the TS/HI charges of ±1.03 agree with the formal valences and the Born effective charges (see Table VI ). For NaCl we have also examined the influence of selfconsistent screening. In contrast to the strong influence of the screening found with the conventional Hirshfeld partitioning, the screening has only a negligible effect if the iterative variant is used. A detailed discussion of the computed AIM polarizabilities and C 6 coefficients and of the cohesive properties has already been given in Paper I, together with that of the other alkali halides.
The trend for the isoelectronic octet compounds of the second row elements from C over BN and BeO to LiF is, however, quite different (see Table VII ). For the LiF the TS/HI method predicts charges of ±1.0, in agreement with the strongly ionic character of the compound, but the correction relative to the standard PBE results is only very small. For BeO and cubic BN the iterative Hirshfeld partitioning predicts charges of only ±1.12 (BeO) and ±1.29 (BN), substantially lower than for the heavier homologues MgS and AlP. This is in agreement with the more covalent character of these compounds which also leads to only minimal dispersion corrections to the lattice parameters. For diamond, both variants of the TS approach lead to identical results (as expected). The dispersion correction to the energy is very modest and adds to the overestimation present in PBE.
The results presented in Paper I and those discussed in this section show that only the TS/HI method leads to a physically realistic description of the influence of dispersion interactions on the cohesive properties of ionic systems and of their variation with increasing ionicity. Compared to PBE predictions the dispersion corrections are modest, but they represent a systematic improvement.
B. Metals and intermetallic compounds
As mentioned in the Introduction the application of the TS dispersion corrections to metals is problematic because the AIM concept is not well suited for systems with strongly delocalized electrons. In Ref. 19 the TS corrections for the transition metal Ni and the two strongly anisotropic metals Zn and Cd have been discussed as illustrative examples. For Ni the TS corrections destroy the almost perfect agreement of PBE with experiment. The disagreement is smaller if screening is taken into account. For Zn and Cd it has been found difficult to achieve simultaneously good agreement for structure, cohesive energy, and bulk modulus at the PBE, TS, and TS+SCS levels of theory, which can be achieved only by coupled-cluster calculations. 56 Here we want to examine the performance of the TS and TS/HI schemes for a class of intermetallic compounds known as Zintl phases, 57, 58 consisting of atoms with a large difference in electronegativity. The standard interpretation of the structure of Zintl phases is that due to the large electronegativity difference, electrons are transferred from the atoms with the lower electronegativity to those with higher electronegativity and that the anions form a sublattice with a structure similar to that of the isoelectronic neutral species. A much discussed example is the compound LiAl where the Al − anions form a diamond-type sublattice. Here we have investigated the polyanionic compounds KSn and NaSn where the anions form tetrahedral Sn Experimental and theoretical lattice geometries and interatomic distances are compared in Table VIII . The strong binding leads to a rather large negative volume of formation of −17.2% for NaSn and −28.3% for KSn. For NaSn PBE predicts a rather accurate atomic volume and cell geometry, while the too strong TS dispersion corrections lead to a too low atomic volume. This is significantly corrected by the improved iterative TS/HI method. The differences are larger for KSn: PBE underestimates the atomic volume by −4.2%, the error is increased to −12.3% if TS dispersion corrections are applied, but reduced to −2.0% with TS/HI. A characteristic feature of the local geometry is the ratio between the intraand inter-cluster Sn-Sn distances, which is slightly overestimated by PBE. Small Sn-Sn distances within the tetrahedral polyanions lead to a large bonding-antibonding splitting and to a larger band gap. TS corrections lead to slightly lower inter-cluster and to strongly contracted intra-cluster distances, such that their ratio is increased compared to the PBE value. TS/HI calculations also lead to smaller intra-cluster Sn-Sn distances, but the weaker dispersion forces acting between the polyanions produce more modest reduction of the intercluster distances. Their ratio is larger than the TS value for NaSn, but smaller for KSn. A more accurate description of the structure of the polyanionic clusters will require a more sophisticated treatment of electronic correlation effects which will also lead to shorter Sn-Sn distances within the polyanions and a slightly increased band gap.
C. Structure and energetics of layered materials
In layered crystal structures the interlayer binding is often much weaker than the intra-layer binding and dominated by dispersion interactions. As a consequence, the interlayer distances are dramatically overestimated and interlayer binding energies are too small, although DFT at the PBE level yields in many cases accurate in-plane lattice constants.
Graphite and hexagonal boron-nitride
We begin with two classical layered structures, graphite and hexagonal boron-nitride, for which the exchange correlation functionals based on generalized-gradient approximation (GGA), such as the PBE method used in this study, predict almost no binding. 62 Calculations in the random phase approximation have been performed at a fixed intra-layer lattice constant, varying only the interlayer separation. 62, 63 They predict reasonable interlayer distances and provide a reference for the inter-layer binding energy. For graphite the TS approach predicts a slightly too low interlayer distance, but overestimates the binding energy and the bulk modulus (see Table IX ). As the AIM charge of C in graphite is practically zero, calculations with TS/HI partitioning lead to results that are very similar to those obtained with TS method. The agreement with experiment can be considerably improved if the screening of the dispersion interactions is taken into account. 19 We note that a recent experimental study 64 reported binding energy that is significantly lower (around 30 meV/atom) than the values determined before. [65] [66] [67] However, the validity of the processing of experimental data was questioned 68 and we therefore do not use this value as reference.
For hexagonal BN where the stacking of the hexagonal rings is such that each boron atom interacts with two nitrogen atoms in the neighboring layers (and vice versa), TS also overestimates the strength of the interlayer binding, but predicts interlayer distance and bulk modulus in good agreement with experiment. While the iterative Hirshfeld partitioning leads to an improved binding energy, the predicted interlayer separation becomes too large.
Transition-metal dichalcogenides
Calculations of interlayer binding energies for a number of layered transition-metal dichalcogenides in their experimental crystal structure have recently been performed in the random phase approximation (RPA) by Björkman et al. 11 Since experimental values for the interlayer binding energies The results for the interlayer separation demonstrate that dispersion corrections are essential for a correct description of the layered structure: in the extreme case PBE even does not predict binding at all. In general, lattice constants predicted by the TS and TS/HI methods agree with experiment within a few hundredths of Å. On the other hand, the TS/HI method performs much better in predicting the interlayer binding energy which is overestimated by 43%-58%, while the TS method leads to binding energies which are too large by 74%-120%, see Table X . The trend in the TS/HI energies is com- 13 presented RPA calculations for the interlayer distances and binding energies of different stacking variants of bilayers of the dichalcogenides. In Table XI , their results are compared with TS and TS/HI calculations for the two most stable stacking patterns. Just like for the bulk crystals, both TS and TS/HI overestimate the binding energies, leading to mean absolute errors of 65% for TS and 47% for TS/HI, respectively. Both methods predict correctly that bilayers with AA stacking are lower in energy than AB bilayers, but the energy differences are larger by factor of ∼3 than those obtained by the RPA. As the strength of the interlayer binding is overestimated systematically, one would expect that the interlayer distances are underestimated using the TS or TS/HI methods, but this does not hold always: for instance, both methods overestimate d 0 for the AB-stacked MoSe 2 and WSe 2 bilayers. The errors compared to the RPA value range from −0.19 to +0.19 Å for TS and from −0.19 to +0.12 Å for TS/HI method. We expect that a further improvement of computed interlayer binding energies can be achieved only if many-body interactions are included.
Vanadium pentoxide
Vanadium pentoxide is a well known layered material. Formally the V atoms have the highest possible oxidation state, but the binding within the layers is largely covalent. The structure at ambient pressure (α-phase) is orthorhombic (space group Pmmn), with close-packed layers stacked in the c-direction. 71, 72 The crystal transforms to the monoclinic β-phase at a critical pressure of p t = 6 GPa. 73 PBE calculations severely underestimate the interlayer binding, leading to a cell volume that is too large by 11.4% and 14.8% for the α and β phases, respectively, and also to a significant deformation of the axial ratios in both phases (see Table XII ). Both TS and TS/HI calculations lead to a quite accurate description of the structures, the TS results being slightly more accurate. The transition pressure for the α → β transformation calculated within PBE is 3.4 GPa which is less than the experimental value of 6 GPa. 73 The underestimation becomes even worse when dispersion corrections are included (p t is 0.7 GPa (TS) and 0.4 (TS/HI) GPa).
Li intercalated graphite
As an application of the vdW correction schemes to a technologically interesting material, we have investigated Li-intercalated graphite which is used in rechargeable batteries. We compare the performance of PBE, PBE-TS, and PBE-TS/HI for the optimization of the known ordered structures formed in the intercalation process. A side view of the structures is shown in Fig. 5 . To facilitate the comparison between structures with different Li contents, all structures discussed here are transformed into the setting of LiC 12 , i.e., the lattice parameters are related to those of the conventional elementary cells through a = √ 3a, c = c for graphite, and a = a, c = 2c for LiC 6 .
The results are summarized in Table XIII (to facilitate the comparison, the results for graphite in the new basis are included). As discussed above, PBE underestimates the binding between graphene sheets, but the missing dispersion forces are accurately described by both the TS and TS/HI methods. For the Li-intercalate with the highest concentration of Li (LiC 6 , stage 1), the stacking pattern is AαAαAα, 74 i.e., every graphene layer is in contact with two layers of Li (see Fig. 5 ). As there is substantial charge transfer from Li to C, strong ionic interactions determine the resulting crystal structure. In this case, standard PBE calculations predict a crys- tal structure in close agreement with experiment, while the TS method underestimates the lattice vector c significantly.
The failure of the TS method is clearly related to the overestimation of the polarizability and dispersion coefficient of Li which is predicted to be much closer to that of neutral atom than to that of an isolated Li + cation. TS/HI predicts a value of c which is smaller than experiment, but the absolute error is comparable to the PBE result and reasonably close to experiment (see Table XIII ). For LiC 12 (stage 2), the stacking pattern is AAαAAα, 74 i.e., two C layers alternate with one layer of Li (see Fig. 5 ). This structure can be viewed as a compromise between vdW-dominated graphite and Coulombinteraction-dominated LiC 6 and both interactions are important for its crystal structure. PBE overestimates and TS underestimates the lattice vector c, while the structure determined using TS/HI agrees with experiment reasonably well.
The heat of reaction for Li intercalation into graphite has been measured electrochemically by Reynier et al. 75 The thermochemical equation considered to define the heat of intercalation for stage 2 ( 
and is independent of the energy of metallic Li. The difference H s2 − H s1 computed for the structures optimized with the TS method is +25.1 kJ/mol, while PBE and TS/HI yield values of −6.8 kJ/mol and −8.5 kJ/mol, respectively, in good agreement with the measured value of −6 kJ/mol. We conclude that only the TS/HI method leads to a good description of the structure and energetics of Li-intercalated graphite.
D. Hydrides
Compounds based on boro-hydrides of alkali metals are potential candidates for hydrogen storage materials. [76] [77] [78] Although the structure of these materials is usually reasonably well described within PBE, vdW forces are important in the description of adsorption/desorption processes related to their use for hydrogen storage. 78 An optimal vdW correction scheme should describe the interaction between host molecules and substrate correctly, but at the same time it should not deteriorate the structure of the substrate.
As a reference system, we have studied crystalline LiH (see Table XIV ). For this strongly ionic compound PBE leads to a rather accurate description of structure 79 and energetics, while TS strongly overestimates the contribution of dispersion forces. This is largely corrected by the TS/HI approach, but the underestimation of the lattice constant of −2.5% is slightly larger than the PBE result of −1.5%
Next we test the performance of PBE, TS, and TS/HI in the structural optimization of three selected boro-hydrides: LiBH 4 (space group Pnma), NaBH 4 (P4 2 /nmc), and KBH 4 (P4 2 /nmc) in their stable crystal structures. The results are compiled in Table XV. PBE slightly overestimates the atomic volume by 1.9%-3.8% and leads to a rather accurate structure. The TS method strongly underestimates the lattice parameters of all three boro-hydrides, the unit cell volume is too low by −27% to −48%, for LiBH 4 the elementary cell is also quite strongly deformed. The TS/HI method performs much better, the error in the unit cell volumes varies only between −2.6% and −6.0%, but is slightly larger than the PBE error. For LiBH 4 the TS/HI axial ratios of the orthorhombic cell are also in better agreement with experiment. The experimental bulk modulus is available only for LiBH 4 (14 GPa). In this case, a good agreement is achieved within PBE and using TS/HI. For NaBH 4 an experimental B 0 is known only for the cubic (20 GPa) and orthorhombic Pnma (31 GPa) phases. 85 Compared to these values, TS overestimates B 0 by a factor of ∼2 or more, while TS/HI predicts a significantly lower bulk modulus, close to the expected value (see Table XV ).
E. Molecular crystals and crystals with molecular anions
The performance of the TS method with different variants of the charge-partitioning for various molecular complexes has been discussed in Sec. IV C, here we extend the investigations to molecular crystals (arenes, i.e., aromatic hydrocarbons, and cellulose), and crystals containing molecular anions (alkali azides). 
Arenes
The crystalline arenes chosen for our investigations are benzene (C 6 H 6 ), naphthalene (C 10 H 8 ), and anthracene (C 14 H 10 ) whose molecules consist of one, two, and three aromatic rings, respectively. The AIM charges of the carbon atoms computed using standard Hirshfeld partitioning range between −0.04 and 0.00 e, while the charges computed using the iterative variant of the method vary from −0.22 to +0.09 e. Although all these charges are relatively small, the two methods predict C 6 coefficients (see Table XVI ) that differ by up to 40% for some atoms. It is therefore surprising that both methods predict very similar crystal structures that are in good agreement with experiment (see Table XVI ). This observation can be explained by the fact that the reduction of the dispersion coefficient is accompanied by a reduction of the van der Waals radius used as a parameter in the damping function (see Eq. (6)). As the change of these two parameters affects the value of the dispersion energy in opposite ways (see Eqs. (2) and (6)), their effect cancels at least partially. Compared to experiment, the error in the cell volume is largest for benzene where the volume is underestimated by −2.8% using the TS and by −1.6% using the TS/HI method (which is also marginally more accurate for the heavier molecules).
Cellulose
The structure of crystalline cellulose I and the transformations between different allomorphs have been studied by Bucko et al. 86 using PBE, including empirical dispersion corrections according to Grimme's D2 method.
2 PBE overestimates the equilibrium volume, mainly because the dispersion forces acting between molecules stacked parallel with the lattice vector a are neglected (see Table XVII ). vdW forces described using either the D2 or the TS method largely correct the PBE error, the error in the volume is only −2.4%. The error is further reduced to −1.6% by applying the iterative Hirshfeld partitioning. 
Alkali metal azides
Alkali metal azides are salts of hydrazoic acid (HN 3 ) . N − 3 is a linear anion isoelectronic with CO 2 and N 2 O. Here we have investigated KN 3 and CsN 3 which form a tetragonal crystal structure with space group I4/mcm. 88 The experimental and theoretical lattice geometries and bulk moduli are summarized in Table XVIII . The structures are relatively well described within PBE which tends, however, to overestimate the equilibrium volume by +5% and +6.5%, respectively. Adding the standard TS correction leads to a strong underestimation of the volume (by −21.4% for CsN 3 ), an elongation of the tetragonal unit cell and a far too large bulk modulus. Replacing the conventional Hirshfeld partitioning by its iterative variant leads to a considerable improvement: the largest error in the lattice parameters (parameter c for CsN 3 ) is reduced to 3.5% and error in computed bulk moduli decreased to +5 GPa for KN 3 and ∼1 GPa for CsN 3 .
VI. INTERACTION OF MOLECULES WITH SOLIDS
In this section we investigate the applicability of the TS and TS/HI methods to systems with mixed bonding properties, e.g., to the adsorption of molecules on ionic surfaces. For ionic crystals the results discussed above and those presented in Paper I have demonstrated that PBE already leads to a rather accurate description of their cohesive properties and that the improved prediction of the AIM charges and polarizabilities is necessary to reduce the dispersion correction and avoid its artificial overestimation. One might therefore tend to conclude that for ionic systems dispersion corrections are not necessary at all. However, for a system consisting of molecules and ionic crystals, an accurate description of dispersion forces is required for the entire complex.
A. Adsorption of molecules on ionic crystals
Grimme et al. 91 have investigated the impact of dispersion corrections on the calculation of the adsorption energies of acetylene on NaCl and of carbon monoxide on MgO surfaces. It was found that while DFT at the GGA level underestimates the adsorption energies, especially for C 2 H 2 /NaCl, the addition of empirical dispersion correction leads to too large energies. It was suggested that the error is partly due to the PBE functional used in the DFT calculations and that the calculations with a revised version of the functional (revPBE) lead to better results. Furthermore, in order to take into account ionic character of surface atoms in the vdW energy calculations, their D3 method 3 was supplemented by a set of parameters computed specifically for ions. This variant of D3 method (designated as D3 * ) predicted significantly lower interaction energies than the method employing a standard set of parameters, improving agreement with experiment significantly, see Table XIX .
In this work we performed calculations with the same starting geometries and with similar computational set-up as in Ref. 91 (this work was also performed with the VASP package), the main difference was that we used PBE instead of revPBE functional. For acetylene on NaCl the TS/HI approach combined with the PBE functional leads to a lower adsorption energy than the TS approach, in much better agreement with experiment (see Table XIX ). For CO on MgO the improved charge-partitioning also leads to a strong reduction of the adsorption energy, but in this case the PBE result is already in almost perfect agreement with experiment. These results complement the investigations of the H 2 O/MgO and CO/MgF 2 systems presented in Paper I where TS/HI was found to agree much better with the predictions of high-level quantum-chemical calculations.
B. Adsorption of N 2 , CH 4 , and CO 2 in Cs-exchanged chabazite
In Paper I the performance of the TS and TS/HI approaches was compared for the adsorption of Ar atom and of N 2 , O 2 , and methane molecules in protonated chabazite. In a protonated chabazite the adsorption energy consists of a small contribution from the specific interaction of the adsorbate with the extra-framework proton and the vdW interaction with the inert inner wall of the zeolite. Only the former is described by PBE correctly. TS/HI was shown to produce results in very good agreement with experiment, much better than TS which overestimates the adsorption energies by 5-12 kJ/mol. Even more importantly, it was shown that TS grossly overestimates the dispersion coefficients of the cations and underestimates those of the anions (but by a smaller factor). Hence even the modest degree of agreement with experiment is largely based on a compensation of errors.
The adsorption of series of small molecules in Cs exchanged chabazite with a high Si/Al ratio of 35 has been studied both experimentally and theoretically by Shang et al. 95 This offers the opportunity to investigate the importance of dispersion interactions in a zeolite with a large, strongly polarizable extraframework cation. The measured heat of adsorption ( H ads ) for N 2 , CH 4 , and CO 2 molecules was 19.8, 20.4, and 33.8 kJ/mol, respectively (see Table XX ). For N 2 and methane the adsorption energies are smaller by about 5 kJ/mol than in protonated chabazite. The uncorrected PBE calculations strongly underestimate these values while dispersion forces derived from the non-local vdW-DFT2 functional 96 significantly overestimate the adsorption energies (see Table XX ).
In our simulations, chabazite was modelled by a supercell containing 2 × 2 × 2 multiples of the primitive monoclinic cell with the experimental lattice parameters a = 9.291 Å and α = 93.9
• . The simulation cell contained one aluminum and 95 silicon atoms, and one cesium atom located in the eightmembered ring containing Al-this Cs position has been indicated as the most stable one in Ref. 95 . The heat of adsorption has been determined using the relation (21) where E Z+M , E Z , E M are the ground state energies for the zeolite containing the molecular adsorbate, the clean zeolite, and the adsorbate in the gas phase, respectively, and m corresponds to the number of translational and rotational degrees of freedom released upon desorption of adsorbate (i.e., m = 5 for N 2 and CO 2 and m = 6 for CH 4 ). This means that in the numerical evaluation of the enthalpy of adsorption using Eq. (21) we assumed ideal gas behavior of the adsorbate molecules in the gas phase, and neglected a possible volume change of zeolite upon adsorption of a small amount of gasunder these assumptions the term (p V ) equals R T.
The adsorption geometries are shown in Fig. 6 , the experimental and theoretical results for H ads are compared in Table XX . Both correction schemes lead to similar adsorption configurations. The Cs-O distances resulting from the TS/HI calculations are slightly smaller than those calculated at the TS level, reflecting the higher charge of the framework oxygens (see also Table III in Paper I presenting the C 6 coefficients of the framework atoms calculated using TS and TS/HI). The Cs-N distances are the same, the Cs-C distance is increased, the Cs-O is decreased in TS/HI compared to TS calculations, again reflecting the differences in the AIM charges. For the adsorption energies both the TS and TS/HI methods perform better than uncorrected PBE and calculations with the non-local vdW-functional. The TS method overestimates the adsorption energy by 2.4-7.2 kJ/mol, while the TS/HI approach systematically underestimates this quantity by -1.8 to −5.2 kJ/mol. Compared to the results for the adsorption in protonated chabazite (see Paper I), the preference for the TS/HI method is less pronounced for the Csexchanged zeolite.
VII. CONCLUSIONS
In this work we have explored the applicability of the improved Tkatchenko-Scheffler method for calculating dispersion corrections to DFT energies and forces in which the conventional Hirshfeld partitioning has been replaced by its iterative variant. For materials where the static ionic charges can be expected to be similar to dynamical effective charges which are experimentally measurable quantities, we have demonstrated that the Hirshfeld-I method predicts more realistic AIM charges than the conventional Hirshfeld algorithm. For ionic materials, the conventional TS scheme predicts very large polarizabilities and C 6 coefficients for cations and much smaller values of these quantities for anions. Although AIM quantities are not observables in a quantum-mechanical sense, accurate calculations suggest that both polarizabilities and C 6 coefficients for cations should be much smaller than those for anions. We have demonstrated that the TS method combined with the Hirshfeld-I algorithm leads to results that are consistent with this expectation. As a consequence, our algorithm predicts polarizabilities per unit cell for crystalline materials with highly symmetric unit cells that are in much better agreement with experimental data derived from the ClausiusMossotti equation.
The TS/HI method has been shown to give results that are very similar to the conventional TS scheme for the standard molecular benchmark sets S22, X40, and L7. In Paper I we have demonstrated that the TS/HI method leads to much better structural and cohesive properties than the TS approach for strongly ionic solids, although it must be emphasized that for most crystals (except those with strongly polarizable heavy atoms) the corrections to the PBE results are rather small.
In the present work an additional series of more complex systems, selected to represent a variety of different bonding situations, has been investigated by the TS/HI method. Via the example of isoelectronic series of octet compounds we have demonstrated that the difference between the TS and TS/HI predictions increases with increasing ionicity. For simple solids with ionic and mixed ionic/covalent bonding the TS/HI corrections to the PBE results are only marginal for the lattice constants, but significant for the cohesive energy. A similar statement applies to more complex ionic systems such as the alkali borohydrides or the alkali azides where the TS method leads to much too strong vdW corrections and better results are achieved using TS/HI. In some cases such as LiBH 4 , the TS/HI correction also leads to more accurate structures than PBE.
For molecular crystals such as arenes and cellulose, both TS and TS/HI lead to good agreement with experiment. TS/HI is generally slightly more accurate because it accounts for the local variations of AIM charges and C 6 dispersion coefficients.
Dispersion interactions are known to be important for a correct description of the structure of layered crystals. For elemental structures such as graphite, both TS and TS/HI lead to interlayer distances in agreement with experiment, although screening is necessary to achieve a reasonable value of interlayer binding energy. For layered compounds such as transition-metal dichalcogenides TS/HI leads to more accurate interlayer distances for bulk crystals and bilayers and to interlayer binding energies in better agreement with manybody calculations, although the calculated values are still too large. This shows the importance of many-body corrections. For vanadium pentoxide, rather accurate structures for two competing phases are predicted by both TS and TS/HI methods, although the transition-pressure is not improved as compared to the PBE results. A striking example for a system where dispersion corrections are important, but only TS/HI leads to a correct description is Li-intercalated graphite, where the binding between C layers separated by Li atoms is at least partially ionic, but purely vdW if no Li is present. The TS/HI approach is also superior to TS for molecules adsorbed on ionic surfaces and in the cavities of zeolites.
In summary, the iterative Hirshfeld partitioning represents a significant improvement of the TS method for calculating dispersion corrections. It avoids the failure of the TS method with the conventional Hirshfeld partitioning for ionic systems, without appreciably affecting its accuracy for covalent and vdW-bonded systems. For systems with strong (ionic or covalent) bonding where a part of the system is dominated by dispersion forces, only the TS/HI correction leads to correct results. We can conclude that the TS/HI approach significantly extends the range of systems, where the dispersion correction scheme, based on the scaling of atomic polarizabilities by the AIM/free atom volume ratio, can be successfully applied.
